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In-situ observations in the Earth’s and Saturn’s magnetosheaths and in the solar wind reveal the
presence of Alfve´n vortices as intermittent structures in the range of scales from tens to several
ion scales. These magnetic vortices appear compressible for higher plasma betas. Up to date,
only incompressible Alfve´n vortices have been known. Motivated by space plasma observations
we develop a new model of magnetic vortices in compressible high-beta plasmas with anisotropic
temperature, whose typical size ranges from fluid down to ion scales. At magneto-fluid scales we
find non-propagating field-aligned cylindrical monopoles and inclined propagating dipoles. Similarly
to incompressible vortices, their transverse magnetic and velocity fluctuations are aligned but not
strictly equal. As a new property, we find that they exhibit a non-negligible density fluctuations δn
correlated with the compressible magnetic fluctuations δB‖, both being localised within the vortex
core. Approaching ion scales (the smallest radius can be comparable with the ion inertial length
c/ωpi and the ion Larmor radius ρi), only dipolar compressible Alfve´n vortices survive, keeping the
same properties as at fluid scales except that δn/n0 reach the same level as δB‖/B0. At these kinetic
scales we find also a purely compressible dipolar pressure balance structures with a non-negligible
parallel electric field E‖ and transverse ring current. Their parallel phase velocity is well below the
Alfve´n speed, u‖  cA. The situations with non-vanishing E‖ and with parallel phase velocities in
the thermal range involve trapped particles and will be presented in a separate publication.
PACS numbers: 52.35.Ra, 52.35.We, 94.05.Lk, 94.30.cj, 96.50.Ci
I. INTRODUCTION
Magnetic structures at ion break scale, commonly in the form of Alfve´n vortices with the diameter 10 − 30 times
longer than the ion scales, have been observed in the solar wind and in the magnetosheaths of the Earth and Saturn
[1–7]. A detailed statistical analysis of diverse magnetic fluctuations in the turbulent cascade close to the ion spectral
break, detected in the slow and fast solar wind streams by the multi-spacecraft Cluster mission has been presented
by D. Perone et al [5, 6]. They have shown that the intermittency of the magnetic turbulence is due to the presence
of coherent structures of various nature. The compressible structures observed in the slow wind are predominantly
parallel perturbations of the magnetic field (δB‖  δB⊥) and have the form of magnetic holes, solitons and shock
waves. Coherent shear Alfve´nic perturbations have been observed both in the slow and the fast solar wind, featuring
βi >∼ 1 and βi <∼ 1, respectively, where β = 2p/c20B2 is the ratio between the plasma pressure p and the magnetic
pressure. They appear either as the current sheets or the vortex-like structures. Predominantly torsional Alfve´nic
vortices with δB⊥  δB‖, but with finite B‖, are commonly present both in the slow and the fast wind. Vortices
with a larger compressional component, δB⊥ >∼ δB‖, have been observed only in the slow wind. The observed
compressible component δB‖ is usually well localized within the structure, while the torsional part δB⊥ is more
delocalized, extending itself outside of the vortex core.
The multi-point Cluster measurements have enabled the determination of the spatial and temporal properties of
these structures, such as their propagation velocity, the direction of the normal, and the spatial scale along this normal.
The normal is always perpendicular to the local magnetic field, indicating that the structures are strongly elongated
in the direction of ~B. The majority of the structures is convected by the wind, but in the slow wind a significant
fraction (∼ 25%) propagates in the perpendicular direction and with finite velocities relative to the plasma. In the
fast wind, no structures propagating relative to the plasma could be detected because the propagation velocities that
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2are determined are smaller than the error of measurements. The typical scales of the structures along the normal are
around 2 − 5 characteristic ion lengths, such as ion Larmor radius vTi⊥/Ωi, acoustic radius cS/Ωi, and ion inertial
length that in a solar wind plasma are of the same order of magnitude.
Similar features of plasma turbulence were observed previously in the magnetosheath region downstream of the
quasi-perpendicular bow shocks of the Earth and Saturn by O. Alexandrova and coworkers [1–3], who detected
coherent shear Alfve´nic vortex structures in the form of current filaments slightly tilted relative to the background
magnetic field, ∇‖  ∇⊥, associated with strictly perpendicular magnetic perturbations, δB‖ → 0.
Shear Alfve´nic fluid vortices were predicted theoretically by Petviashvili & Pokhotelov [8], who demonstrated that
structures of such type, with the transverse size bigger than the ion inertial length c/ωpi, where ωpi = (n0e2/mi0)1/2
is the ion plasma frequency, could exist in incompressible plasmas (usually occurring when β is small). Under such
conditions, nonlinear solutions are described by the standard Kadomtsev-Pogutse-Strauss’ equations of reduced MHD
(magnetohydrodynamic) [9–12]. Solutions can be nontravelling (monopoles) or propagating. A hydrodynamic vortex
that moves relative to the plasma always has the form of a dipole, but it also allows a monopole to be superimposed
to it. We will show below that such monopolar component is possible in the absence of the compressibility of the
magnetic field, that is realized if either the structures are (much) bigger than the ion scale, or the plasma β is
sufficiently small. When a spacecraft encounters a dipole, the recorded signal depends on the relative position of the
dipole’s axis and the satellite’s trajectory. The satellite may observe either one "pole" of the dipole or both, and
the detected signals superficially appear to be qualitatively different. O. Alexandrova et al proposed in Refs. [3, 4]
that, within the Kadomtsev-Pogutse-Strauss’ reduced MHD description, such type of vortices might be created by
the filamentation of the nonlinear slab-like structures arising from the saturation of the linearly unstable Alfve´n ion
cyclotron waves [1] or, more likely, arising naturally as the intermittency of the turbulence [3–7].
In this paper we present a hydrodynamic theory of coherent vortices in the space plasmas that can be characterized
with anisotropic electron and ion temperatures and an arbitrary plasma β. We generalize the classical shear-Alfve´n
result [8] by including the diamagnetic and finite Larmor radius effects, via the Braginskii-Schekochihin description,
and the compressional magnetic component, via a generalized pressure balance. We demonstrate that perturbations
that are bigger that the ion inertial length are properly described by the Kadomtsev-Pogutse-Strauss’ equations of
reduced MHD and that in plasmas with a modest β value, β <∼ 1, such description remains valid also when the size of
the structure is only slightly bigger than the ion inertial length. We find a general reduced MHD vortex solution, whose
torsional component of the magnetic field is leaking outside of the vortex core while the compressional magnetic field is
restricted to its interior, which is why the latter may remain undetected by a spacecraft. Conversely, in a warm plasma
β >∼ 1 and on a characteristic length that belongs to the ion-scale, we find two different particular solutions in the form
of dipole vortices that can be regarded as the generalizations of the Kadomtsev-Pogutse-Strauss’ structures to the
smaller scales and of the nonlinear drift-mode (i.e. of kinetic Alfve´n) structures to the large-β plasmas, respectively.
The generalized Kadomtsev-Pogutse-Strauss’ dipoles possess all three components of the magnetic field perturbation
and their phase velocity component in the direction of the ambient magnetic field lies in the Alfve´n and the acoustic
ranges, u‖ ∼ (cA, cS). The kinetic Alfve´n dipoles propagate much slower, u‖  cA, and they predominantly feature
a compressional magnetic field, with ~B⊥ → 0. The moving monopolar structures in the compressional magnetic field
will be considered in a separate publication, since they require a (gyro)kinetic treatment due to their ability to trap
particles in the parallel direction and to redistribute their parallel and perpendicular temperatures.
II. FLUID THEORY OF SLOW, WEAKLY z-DEPENDENT NONLINEAR PHENOMENA IN A WARM
PLASMA βi⊥ ∼ βe⊥ ∼ 1
We consider a collisionless plasma with the unperturbed density n0 immersed in the homogeneous magnetic field
~ezB0. We assume that the electron and ion temperatures can be anisotropic, i.e. that the temperatures associated
with the particles’ random motions along and perpendicularly to the magnetic field may be different, Tj‖ 6= Tj⊥ ,
where j = e, i and the subscripts ‖ and ⊥ denote the components parallel and perpendicular to the magnetic field,
respectively. The hydrodynamic equations of continuity and momentum for each of the species have the form(
∂
∂t
+ ~U · ∇
)
n+ n∇ · ~U = 0, (1)(
∂
∂t
+ ~U · ∇
)
~U =
q
m
(
~E + ~U × ~B
)
− 1
mn
∇ · (P + pi) , (2)
where, for simplicity, we have omitted the subscripts e and i referring to the electrons and ions, respectively. In
the above, n, ~U , q, and m are the number density, fluid velocity, charge, and mass, respectively. The pressure P
and the stress pi are diagonal and off-diagonal tensors, respectively, and the gradient of a tensor Q is defined as
3∇ ·Q = ~eα(∂Qα,β/∂xβ). Since the temperature is anisotropic, the pressure tensor is given by P = p⊥(I −~b~b) + p‖~b~b
where I is a unit tensor, viz. Iα,β = δα,β and δα,β is the Kronecker delta, ~b is the unit vector parallel to the magnetic
field, ~b = ~B/B, B is the intensity of the magnetic field, B = | ~B|, p‖ = nT‖, and p⊥ = nT⊥. Here we use the standard
shorthand notation from the vector algebra ~p · ~q ~r = (~p · ~q)~r and ∇ · ~q ~r = (∇ · ~q+ ~q · ∇)~r. The chain of hydrodynamic
equations is truncated by using the Braginskii’s collisionless (nongyrotropic) stress tensor [13], that is appropriate for
perturbations that are weakly varying both on the timescale of the gyroperiod and on the perpendicular scale of the
Larmor radius. Within the adopted large scale limit, the Braginskii’s stress tensor has been recently generalized to
plasmas with anizotropic temperature by Schekochihin et al [14], see also Refs. [15–17]. Following these authors, we
also neglect the heat flux which permits us to use the equations of state
dp⊥/dn = γ⊥T⊥, dp‖/dn = γ‖T‖. (3)
Here we have γ‖ = 3 (γ⊥ = 3) when the parallel (perpendicular) characteristic velocity of propagation (phase velocity)
is bigger than the parallel (perpendicular) thermal velocity and the process can be considered as adiabatic. Conversely,
we have γ‖ = 1 and/or γ⊥ = 1 when the characteristic velocity is smaller than the corresponding thermal velocity
and the process is isothermal; in the unperturbed state we obviously have γ‖0 = γ⊥0 = 1.
The system of equations is closed by the Faraday’s and Ampere’s laws
∇× ~E = −∂
~B
∂t
, ∇× ~B = 1
c2
(
∂ ~E
∂t
+
~j
0
)
. (4)
The latter is simplified on temporal scales that are slow compared to the electron plasma frequency ωpe =
√
n0e2/me0
and spatial scales that are long compared to the electron Debye length λDe = vTe/ωpe, when we can neglect both the
charge separation and the displacement current, yielding
ne = ni ≡ n, ~Ui − ~Ue = e
me
c2
ω2pe
∇× ~B. (5)
Here and in the rest of the paper, we consider single-charged ions, viz. qi = −qe = e.
For later reference, we write also the parallel momentum equation, that is obtained when we multiply the momentum
equation with ~b · , viz.(
∂
∂t
+ ~U · ∇
)
U‖ − q
m
~b ·
(
~E − 1
qn
∇p‖ +
p‖ − p⊥
qnB
∇B
)
+
1
mn
∂pib,β
∂xβ
= ~U⊥ ·
(
∂
∂t
+ ~U · ∇
)
~b, (6)
where U‖ = ~b · ~U . Likewise, multiplying the electron- and ion momentum equations by mene and mini, respectively,
adding, and taking the component perpendicular to the magnetic field we obtain, after some tedious but straightfor-
ward algebra, the perpendicular momentum equation for the plasma fluid
∇⊥
(
c20
B2
2
+ pe⊥ + pi⊥
)
= ~b×
{
~b×
[
mene
(
∂
∂t
+ ~Ue · ∇
)
~Ue +mini
(
∂
∂t
+ ~Ui · ∇
)
~Ui
]}
+
0
[
~E⊥
(
∇ · ~E
)
+B~b× ∂
~E
∂t
]
+
(
c20B
2 − pe‖ − pi‖ + pe⊥ + pi⊥
) (
~b · ∇
)
~b− ~eα⊥
∂
∂xβ
(
pieα,β + piiα,β
)
. (7)
The above equations (1), (2), (6), and (7) are vastly simplified under the drift scaling
1
Ω
∂
∂t
∼ 1
Ω
~U · ∇ ∼  1, (8)
( being a small parameter) and in the regime of small perturbations of the density and of the magnetic field, and of
the weak dependence along the magnetic field line
δn
n
∼ |δ
~B|
| ~B| ∼
~b · ∇
∇⊥ ∼ , (9)
and when the fluid motion is not predominantly 1-d in the parallel direction, ~U‖ 6 ~U⊥. Here, Ω is the gyrofrequency,
Ω = qB/m, and δ denotes the deviation of a quantity from its unperturbed value. The explicit form of the collisionless
4stress tensor [14–17] under scaling (8) has been calculated by Passot and Sulem and can be seen e.g. in [39], [40], viz.
pim,m = −pil,l = (p⊥/2Ω) (∂Ul/∂xm + ∂Um/∂xl) ,
pil,m = pim,l = (p⊥/2Ω) (∂Ul/∂xl − ∂Um/∂xm) ,
pil,b = pib,l = − (p⊥/Ω) (∂Ub/∂xb)−
[(
2p‖ − p⊥
)
/Ω
]
(∂Um/∂xb) ,
pim,b = pib,m = (p⊥/Ω) (∂Ub/∂xl) +
[(
2p‖ − p⊥
)
/Ω
]
(∂Ul/∂xb) ,
pib,b = 0, (10)
where ~el, ~em, and ~b are three mutually perpendicular unit vectors.
The perpendicular component of the fluid velocity is obtained after we multiply Eq. (2) with ~b×, and can be
readily written as the sum of the ~E × ~B, diamagnetic, anisotropic-temperature, stress-related [also called the FLR
(finite-Larmor-radius) drift], and polarization drifts, viz.
~U⊥ = ~UE + ~UD + ~UA + ~Upi + ~Up, (11)
where
~UE = −
~b
B
× ~E, ~UD =
~b
qnB
×∇⊥p⊥, ~UA =
(
p‖ − p⊥
) ~b
qnB
×
(
~b · ∇
)
~b, (12)
~Upi =
~b
qnB
× ~eα ∂piα,β
∂xβ
, ~Up =
~b
Ω
×
(
∂
∂t
+ ~U · ∇
)
~U, ~UB =
p⊥~b
qnB2
×∇⊥B. (13)
For completeness, in the above list we have added also the grad-B drift velocity ~UB , although it does not appear
explicitly in the expression (11), but it will come out later in the continuity equation by virtue of the term ∇ · ~U .
Using the Braginskii-Schekochihin expressions, Eq. (10), the stress-related drift and the contribution of the stress
to the parallel momentum equation (6) take the form (here and below we use the notation ∂/∂xb = ~b · ∇):
~Upi = − T⊥
2mΩ2
∇2⊥~U⊥−
1
qnB
{[(
~b×∇⊥ p⊥
2Ω
)
· ∇⊥
]
~b× ~U⊥ +
(
∇⊥ p⊥
2Ω
· ∇⊥
)
~U⊥ +
∂
∂xb
(
p⊥
Ω
∇⊥U‖ +
2p‖ − p⊥
Ω
∂~U⊥
∂xb
)
− p⊥
2Ω
∂2~U⊥
∂x2b
}
, (14)
∂pib,β
∂xβ
= ~b ·
[
∇⊥U‖ ×∇⊥ p⊥
Ω
−∇⊥ ×
(
2p‖ − p⊥
Ω
∂~U⊥
∂xb
)]
. (15)
In the regime of slow variations (compared to Ω), weak dependence along the magnetic field, and small perturbations,
described by the scalings Eqs. (8) and (9), the leading order expression (in ) for the stress-related drift ~Upi is given
by the first term on the right-hand-side of Eq. (14). Then, using the fact that the polarization and anisotropic
temperature drifts ~Up and ~UA are small compared to the ~E × ~B and diamagnetic drifts, with the accuracy to the
leading order in  we can write ~U⊥ ≈ ~UE + ~UD−ρ2L0∇2⊥~U⊥/2 where ρL0 =
√
T⊥/mΩ20 is the (unperturbed) Larmor
radius. This equation is formally solved as
~U⊥ ≈ ~Uapr⊥ ≡
(
1 + ρ2L0∇2⊥/2
)−1 (~UE + ~UD) , (16)
and, within the adopted accuracy, this expression for ~U⊥ can be used on the right-hand-sides of Eqs. (13)–(15) and
(17). Likewise, in the convective derivatives we use ~U · ∇ ≈ ~U⊥ · ∇⊥ ≈ ~Uapr⊥ · ∇⊥. Under the scaling (8) and (9) we
can also neglect the right-hand-side of the equation (6). Conversely, on the right-hand-side of Eq. (7) we neglect the
second-order terms coming from the polarizaton, charge separation, displacement current and the curvature of the
magnetic field. Only the leading part of the last term remains and the equation simplifies to
∇⊥
(
c20B
2
2
+ pe⊥ + pi⊥
)
= −~b×
(
pi⊥
2Ωi
∇2⊥~Ui⊥ +
pe⊥
2Ωe
∇2⊥~Ue⊥
)
, (17)
5which reduces to the equation of pressure balance if the Larmor radius corrections can be neglected. Now, using
∇ ·
(
~UE + ~UD
)
= −
[
∂
∂t
+
(
~UE + ~UD
)
· ∇⊥
]
logB −
(
~UE + ~UD
)
·
(
~b · ∇
)
~b, (18)
∇ · ~UA ≈
(
~b · ∇
)[p‖0 − p⊥0
qn0B0
∇ ·
(
~ez ×~b
)]
, (19)
and the lengthy expression for ∇· ~Upi, see Eq. (14), the continuity and parallel momentum equations are simplified to(
∂
∂t
+ ~Uapr⊥ · ∇⊥
)
(log n− logB) +
(
~b · ∇
)[
U‖ +
p‖0 − p⊥0
qn0B0
∇ ·
(
~ez ×~b
)]
+
1
Ω0
∇⊥ ·
{[
∂
∂t
+
(
~Uapr⊥ + ~UB − ~UD
)
· ∇⊥
]
~ez × ~Uapr⊥
}
= 0, (20)[
∂
∂t
+
(
~Uapr⊥ + ~UB − ~UD
)
· ∇
]
U‖ =
q
m
~b · ~E − 1
n0m
(
~b · ∇
)[
p‖ −
(
p‖0 − p⊥0
) B
B0
−2p‖0 − p⊥0
Ω0
∇⊥ ·
(
~ez × ~Uapr⊥
)]
,
(21)
where ~Uapr⊥ is defined in Eq. (16). It is convenient to subtract the electron and ion continuity equations, i.e. to use
the continuity equation for electric charge, which after neglecting the electrons’ polarization and FLR effects yields(
~Uapri⊥ − ~Uapre⊥
)
· ∇⊥ (log n− logB) +
(
~b · ∇
)[
Ui‖ − Ue‖ +
pi‖0 − pi⊥0 + pe‖0 − pe⊥0
en0B0
∇ ·
(
~ez ×~b
)]
+
1
Ω0
∇⊥ ·
{[
∂
∂t
+
(
~Uapr⊥ + ~UB − ~UD
)
· ∇⊥
]
~ez × ~Uapr⊥
}
= 0, (22)
Within the adopted drift- and small-but-finite FLR scalings, Eqs. (8), (9), and taking that the compressional pertur-
bation of the magnetic field is of the same order as, or smaller than, the torsional component, the electromagnetic field
can be expressed in terms of the electrostatic potential and of the z-components of the vector potential and magnetic
field, φ, Az, and δBz, viz.
~E = −∇φ− ∂
∂t
(
~ezAz + ~ez ×∇⊥ ∇−2⊥ δBz
)
, ~B = ~ez (B0 + δBz)− ~ez ×∇⊥Az, (23)
which yields the following leading-order expressions
~b = ~ez − 1
B0
~ez ×∇⊥Az, B = | ~B| = B0 + δBz, ~b · ~E = −~b · ∇φ− ∂Az
∂t
, ~b× ~E = −~ez ×∇⊥φ, (24)
We rewrite our basic equations in a dimensionless form, using the following scaled variables and parameters
t′ = ω t, x′ = k x, y′ = k y, z′ = (ω/cA) z,
φ′ =
k2φ
B0ω
, A′z =
k2cAAz
B0ω
, B′z =
Ωi0
ω
δBz
B0
, n′ =
Ωi0
ω
δn
n0
, U ′‖ =
ωpi
ω
U‖
c
, p′ =
k2
Ωi0ω
δp
n0mi
,
β =
2p0
c20B20
, d ′e =
c k
ωpe
, d ′i =
c k
ωpi
, ρ′i = k ρLi = d
′
i
√
βi⊥
2
, (25)
where k and ω are some characteristic wavenumber and characteristic frequency, i.e. the inverse characteristic spatial
and temporal scales, such as the width of the structure r0 and the transit time r0/u⊥, u⊥ being the speed of its
propagation in the plasma frame, transverse to the magnetic field. The normalization through k, ω is used for
convenience and does not infer any presence of wave phenomena. Other notations are standard, ωpi =
√
n0e2/mi0
is the ion plasma frequency and cA = cΩi0/ωpi is the Alfve´n speed. Note that the dimensionless parallel velocity U ′‖,
the pressure p′, and the parameter β involve either the electrons or the ions, and the two latter quantities also the
perpendicular or the parallel components, which is denoted below by the appropriate combination of the subscripts
e, i,⊥, and ‖. The dimensionless versions of the charge continuity, Eq. (22), the electron continuity, Eq. (20), the
parallel electron and ion momentum equations (21), and of the perpendicular fluid momentum equation (17) can be
6written as (for simplicity, here and in the rest of the paper, we omit the primes):[
~ez ×∇⊥
(−ρ2i∇2⊥φ/2 + pi⊥
1 + ρ2i∇2⊥/2
+ pe⊥
)]
· ∇⊥ (n−Bz)−
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
](
1− βi‖ − βi⊥ + βe‖ − βe⊥
2
)
∇2⊥Az
−∇⊥ ·
({
∂
∂t
+
[
~ez ×∇⊥
(
φ− ρ2i∇2⊥pi⊥/2
1 + ρ2i∇2⊥/2
+
βi⊥
2
d2iBz
)]
· ∇⊥
}
· ∇⊥ φ+ pi⊥
1 + ρ2i∇2⊥/2
)
= 0, (26)
{
∂
∂t
+ [~ez ×∇⊥ (φ− pe⊥)] · ∇⊥
}
(n−Bz) +
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
](
Ue‖ −
βe‖ − βe⊥
2
∇2⊥Az
)
= 0, (27)
{
∂
∂t
+
[
~ez ×∇⊥
(
φ− βe⊥
2
d2iBz
)]
· ∇⊥
}
d2e
(
Ui‖ +∇2⊥Az
)
=
∂Az
∂t
+
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
](
φ− pe‖ +
βe‖ − βe⊥
2
d2iBz
)
. (28)
{
∂
∂t
+
[
~ez ×∇⊥
(
φ− ρ2i∇2⊥pi⊥/2
1 + ρ2i∇2⊥/2
+
βi⊥
2
d2eBz
)]
· ∇⊥
}
d2iUi‖ =
−∂Az
∂t
−
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
] [
φ+ pi‖ −
βi‖ − βi⊥
2
d2iBz+
(
2βi‖
βi⊥
− 1
)
ρ2i∇2⊥ (φ+ pi⊥)
1 + ρ2i∇2⊥/2
]
. (29)
d2iBz + pi⊥ + pe⊥ −
ρ2i∇2⊥ (φ+ pi⊥) /2
1 + ρ2i∇2⊥/2
= 0. (30)
where we neglected the polarization and FLR effects for electrons (i.e. we took 1/Ωe → 0), the charge separation
(ne = ni = n), and the displacement current (U ′e‖ −U ′i‖ = ∇′⊥
2
A′z). The pressure perturbations are expressed in terms
of the density through the equations of state, Eq. (3), whose dimensionless versions have the forms
p′j ζ = γj ζ (βj ζ/2) d
′
i
2
n′, where j = e, i and ζ = ‖,⊥. (31)
We also note that, within the adopted scaling, Eq. (29) yields a negligible ions’ contribution to the parallel curent
d ′e
2
U ′i‖ = (me/mi) d
′
i
2
U ′i‖ → 0 ⇒ U ′e‖ = ∇2⊥A′z, (32)
and consequently, the ion acoustic perturbations associated with the parallel ion motion described by Eq. (29) are
decoupled from the rest. Eqs. (26)–(28) and (30) constitute our basic set of equations for the functions φ,Az, Bz, and
n. These equations describe, in a plasma with an arbitrary value of βj ζ , the variations that are slowly varying both
in time and along the magnetic field line, but have an arbitrary spatial scale perpendicular to the magnetic field.
We readily note that all nonlinear terms in our Eqs. (26)-(29) have the form of mixed products that vanish when
the solution is one-dimensional either in Cartesian or in cylindrical coordinates. As a consequence, there exist trivial
localized cylindrically symmetric solutions that are independent on z and stationary in time, ∂/∂z = ∂/∂t = 0,
and have arbitrary radial dependencies. Such solutions have the form of monopoles and are constrained only by the
equations of pressure balance (30) and state (31). Monopoles come in two different varieties, as the electrostatic and
magnetostatic convective cells (the latter are often referred to as the current filaments) [18, 19]. Force free currents,
in the form of filaments parallel to the magnetic field lines, [20, 21] are often encountered in space plasma, in the solar
corona, solar wind, and in the planetary magnetospheres and they are thought to be have a sufficiently long lifetime to
be carried by the solar wind for several AU. The evolution of the electrostatic cells has been extensively studied both
numerically and experimentally, see e.g. Refs. [22, 23]. The experiments in quiescent plasma, as well as the water
tank experiments [24], in which the perturbations are described by similar 2-d (two dimensional) model equations as
in the plasma, but including also a small but finite viscosity, revealed that stationary monopoles either disperse or
slowly transform into propagating dipolar or rotating tripolar vortices, depending on the amount of shielding included
in the radial profile of the initial state.
On the other hand, finding a general solution of the above equations remains a formidable task, because of their
complexity. Nevertheless, suitable particular solutions may still be available in a number of relevant cases. In our
7earlier papers we have studied in detail the electron-scale perturbations with cold electrons and very cold ions, βe⊥  1
and βi⊥  me/mi on the MHD temporal scale [25, 26], see also the extensive study of drift-Alfve´n vortices in the
regime β  1, [27]. In the regime βe⊥ >∼ 1, electron scale perturbations were studied on the temporal scale of
whistlers [28]. Likewise, a travelling solution has been constructed in the plasma regimes in which all diamagnetic
drift- and FLR effects can be neglected [3, 8]. In the present paper, firstly we present a general solution that is slightly
bigger that the ion-scale, in a moderately cold plasma, βi⊥ ∼ βe⊥ <∼ 1, described by the Kadomtsev-Pogutse-Strauss’
equations of reduced MHD [9–12] and identified as a Chaplygin vortex [29]. A class of stationary, magnetic field
aligned monopoles can be derived from such travelling solutions in the limit of zero inclination and zero propagation
speed and they can be expected to be more stable than the monopoles with arbitrary radial dependence. Additionally,
in a warm plasma, βi⊥ ∼ βe⊥ >∼ 1, we find two types of dipolar Larichev& Reznik-type [30] ion-scale vortices, that can
be identified as the high-β shear-Alfve´n and kinetic Alfve´n (or magnetosonic) nonlinear modes, respectively. Like all
Larichev&Reznik-type solutions, inside their vortex core they are fundamentally nonlinear structures, while outside
of the core they are described by the corresponding linear equations and thus follow (at least asymptotically) the
linear dispersion relation in cylindrical coordinates. In view of that, they can also be regarded as the generalization
and the regularization of the singular point vortex model that is broadly used in the study of the 2-d turbulence
in incompressible fluids and plasmas [31, 32], see also the collection of theoretical and numerical works [33]. Such
nonlinear regularization will also broaden the envisaged spectrum of an agglomerate of point vortices.
III. VORTEX SOLUTIONS
A. Solution bigger than the ion Larmor radius
One can easily verify that our model equations (26)-(32) reduce to the Kadomtsev-Pogutse-Strauss’ equations of
reduced MHD when all terms arising from the diamagnetic drift and FLR effects can be neglected. Using our notation
introduced in Eq. (25), this condition is expressed as ρ′i = d ′i
√
βi⊥/2 1, which is obviously satisfied when either the
plasma β is sufficiently small or the characteristic scale largely exceeds the ion inertial length c/ωpi, i.e. for d′i  1.
However, a sufficiently small dimensionless ion Larmor radius ρ′i can be realized also in plasmas with a modest value
of β, even if the size of the solution is not much bigger than the ion inertial length, i.e. d ′i is not too small (e.g.
when d ′i <∼ 0.4). For example, in the magnetosheath region with βi⊥ = 0.5, Cluster mission detected structures whose
spatial scale was r0 ' 500 km [1], more than ten times the ion skin depth c/ωpi ' 40 km. Under such conditions, we
have d ′i <∼ 0.1, which further yields ρ′i2 = (βi⊥/2) d ′i 2 ≈ .0025 1.
Obviously, for perturbations that comply with the small ion Larmor radius scaling
ρ′i = (k/Ωi)
√
Ti⊥/mi ∼ , (33)
where  is the small parameter introduced in Eqs. (8) and (9), we can set ρ′i
2 → 0. Then, Eq. (31) yields p′jζ → 0
even if the dimensionless density perturbation is finite, n′ ∼ 1. The latter implies also ~E‖ = 0, which excludes the
kinetic Alfve´n wave from our description, see Eq. (35) below. Under these conditions, within the drift- and weak
z-dependence scalings, Eqs. (8) and (9), and in the massless electron limit (i.e. for perturbations whose spatial scale
is much bigger than the electron inertial length, viz. d′e → 0), our model equations readily simplify the reduced MHD
system with anisotropic temperatures (henceforth, we drop the primes for simplicity)[
∂
∂t
+ (~ez ×∇⊥φ) · ∇⊥
]
∇2⊥φ = −
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
](
1− βi‖ − βi⊥ + βe‖ − βe⊥
2
)
∇2⊥Az, (34)
∂Az
∂t
+
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
]
φ = 0, (35)
while the density and the compressional magnetic field are subsequently determined from:[
∂
∂t
+ (~ez ×∇⊥φ) · ∇⊥
]
(n−Bz) = −
[
∂
∂z
− (~ez ×∇⊥Az) · ∇⊥
](
1− βe‖ − βe⊥
2
)
∇2⊥Az, (36)
Bz +
γi⊥βi⊥ + γe⊥βe⊥
2
n− βi⊥
4
∇2⊥φ = 0. (37)
It is worth noting that Eqs. (34)-(37) do not contain any spatial scales, i.e. that the characteristic wavenumber k and
the characteristic frequency ω introduced in Eq. (25) (i.e. the width of the structure, r0, and its speed of propagation
in the plasma frame, u⊥, are arbitrary.
8The above Kadomtsev-Pogutse-Strauss’ system has been studied in details in the literature, see Ref. [8] and
references therein. Following the procedure of Larichev & Reznik and of more recent works [27, 30], we seek a solution
that is travelling with the (non scaled) velocity ~u⊥ = ~ey k/ω and is tilted to the z-axis by a small angle θ = ω/kuz.
This implies that the solution depends only on the dimensionless variables x′ and y′ + (cA/uz) z′ − t′. Then, using
∂/∂t′ = −∂/∂y′ and ∂/∂z′ = (cA/uz) ∂/∂y′, the parallel electron momentum equation (35) is readily solved as
φ = (uz/cA) Az, (38)
which implies that the parallel component of the electric field is equal to zero, E‖ = 0, being short circuited by the
cold and massless electrons and, as a consequence, that δ ~B⊥ is aligned with ~U⊥. Substituting the above into Eq. (34)
yields a simple 2-D Euler equation
[~ez ×∇⊥ (φ− x)] · ∇⊥∇2⊥φ = 0 ⇒ ∇2⊥φ = G (φ− x) . (39)
Here, G is an arbitrary function of its argument that is adopted here to be part-by-part linear [27, 30], viz.
G(ξ) = (ξ − ξ0)G1, (40)
where the parameter ξ0 and the slope G1 take different constant values ξin0 , Gin1 and ξout0 , Gout1 inside and outside,
respectively, of a moving circle in the x, y plane whose radius is r0 (usually referred to as the vortex core). For a
spatially localized solution, we have Gout1 = 0, which implies also that the parallel current is localized inside the
vortex core, while Gin1 will be determined from the smoothness of the vector potential ψ (i.e. from the absence of
the z-component of the surface current) at the edge of the vortex core. It is worth noting that the function G may
be discontinuous, featuring a finite jump for certain value of its argument. Such discontinuity does not give rise to
a singularity in the corresponding vector-product nonlinear terms in Eq. (39). These contain the products of the
derivatives along an isoline and perpendicularly to it, but the derivative along an isoline is always equal to zero and
the product remains finite even if the perpendicular derivative is infinite. Thus, the vector-product nonlinear term
merely acquires an isolated point and, otherwise, is a continuous function.
Eq. (39) separates variables in cylindrical coordinates. The solution is easily written in terms of the Bessel functions,
φ(r, ϕ) =
∑
k
[αkJk(r) + βkYk(r)] exp(ikϕ), (41)
where r = {x2 + [y + (cA/uz) z − t]2} 12 , ϕ = arctan{[y + (cA/uz) z − t]/x}, and Jk and Yk are the Bessel functions of
the k-th order and of the first and second kind, respectively. The constants of integration αk and βk are determined
from the finiteness of the solution at r = 0 and r →∞, and from the physical conditions of continuity and smoothness
at the core edge r = r0 of the potential φ. The ensuing solution takes the form of a Chaplygin vortex, constructed
more than a century ago, in 1903 [29], as the traveling solution of a 2-D Euler equation describing the incompressible
flow in ordinary fluids. It consists of a circularly symmetric "rider" that is appropriately superimposed on a Lamb
dipole that provides its propagation, viz.
φ (r, ϕ) = (uz/cA) Az (r, ϕ) =
{
cosϕ
(
r20/r
)
, r ≥ r0,
cosϕ {r − (2r0/j1) [J1 (j1 r/r0) /J ′1 (j1)]}+ ψ0 [J0 (j1 r/r0)− J0 (j1)] , r < r0, ,
(42)
where jk is one of the zeros of the Bessel function Jk(jk), viz. Jk(jk) = 0, and the amplitude ψ0 of the monopole
component is arbitrary. The solution (42) does not possess a characteristic spatial scale and the radius r0 is arbitrary.
An identical solution was presented in Ref. [8], albeit in Cartesian coordinates.
The corresponding density and compressional magnetic field are expressed from Eqs. (36) and (37), viz.
n =
(
1 +
γi⊥βi⊥ + γe⊥βe⊥
2
)−1 [
βi⊥
4
+
c2A
u2z
(
1− βe‖ − βe⊥
2
)]
∇2⊥φ, (43)
Bz =
(
1 +
γi⊥βi⊥ + γe⊥βe⊥
2
)−1 [
βi⊥
4
− c
2
A
u2z
γi⊥βi⊥ + γe⊥βe⊥
2
(
1− βe‖ − βe⊥
2
)]
∇2⊥φ. (44)
The large-scale vortex presented in Eqs. (42)-(44) is displayed in Fig. 1.
From our normalizations (25) we see that, in physical units, the amplitude of the dipolar component of the electro-
static potential in Eq. (42) is proportional to the propagation velocity u⊥ = ω/k, while the monopolar component
has an arbitrary amplitude. Thus, in the limit u⊥ → 0, the solution reduces to a stationary monopole that is parallel
to the background magnetic field. Water tank experiments [24], in which the perturbations evolve according to the
92-d Euler equation (39), but includes a small but finite viscosity of the fluid not involved in our analysis, revealed
that a dipole [solution with ψ0 = 0 in Eq. (42)] is remarkably stable and it can easily survive collisions with other
dipoles [34]. Propagating quasi-monopoles, described by Eq. (42) when ψ0 > 1, are found to travel over a distance
that is an order of magnitude bigger than its diameter, as suggested by the weak nonlinear theory and numerical
simulations [35], as well as by experiments in non-rotating water tanks with rectangular shape [36]. They are much
more stable than the stationary monopoles that, in these works, have been found to either disperse or slowly transform
into dipolar or tripolar vortices depending on their initial profile, i.e. on the amount of shielding in the initial state.
B. Approaching ion scales
When the plasma β exceeds unity, the dimensionless ion Larmor radius becomes comparable and even bigger
than the dimensionless ion inertial length and the anisotropic reduced MHD equations (34) and (35), derived in the
regime ρ′i
2 → 0, do not provide an accurate description at ion scales, i.e. when d′i <∼ 1 or > 1. Below we construct
localized, stationary, 2-d (in cylindrical geometry) solution of the full system of model equations (26)-(30), assuming
perturbations whose spatial extent is comparable with ion scales (i.e. with the ion collisionless skin depth, viz. d′i ∼ 1,
and with the ion Larmor radius, ρ′i <∼ 1), but much larger than the electron skin depth, d′e → 0, which decouples from
the rest of the system the equation for the parallel ion momentum (29), together with the ion acoustic perturbations
that are associated with it. Same as in the preceding subsection, we seek a solution that is travelling with the (non
scaled) velocity ~u⊥ = ~ey k/ω and is tilted to the z-axis by a small angle θ = ω/kuz, that depends only on the
dimensionless variables x′ and y′ + (cA/uz) z′ − t′. Then, the equations of parallel electron momentum (28), electron
continuity (27), charge continuity (26), and pressure balance (30) can be conveniently cast in the following form:
[~ez ×∇ (ψ − x)] · ∇
[
φ− pe‖ − x+ (1/2)
(
βe‖ − βe⊥
)
d2iBz
]
= 0, (45)
[~ez ×∇⊥ (φ− pe⊥ − x)] · ∇⊥ (n−Bz)−
(
c2A/u
2
z
) [
1− (1/2) (βe‖ − βe⊥)] [~ez ×∇⊥ (ψ − x)] · ∇⊥∇2⊥ψ = 0, (46)[
~ez ×∇⊥
(−ρ2i∇2⊥Φ/2 + pi⊥ + pe⊥)] · ∇⊥ (n−Bz) +(
c2A/u
2
z
) [
1− (1/2) (βe‖ − βe⊥ + βi‖ − βi⊥)] [~ez ×∇⊥ (ψ − x)] · ∇⊥∇2⊥ψ −[
~ez ×∇⊥
(
Φ− pi⊥ + ρ2iBz − x
)] · ∇∇2⊥Φ = − [~ez ×∇⊥ (∂/∂xi) (pi⊥ − ρ2iBz)] · ∇ ∂Φ/∂xi, (47)
d2iBz + pi⊥ + pe⊥ − ρ2i∇2⊥Φ/2 = 0, (48)
where, for simplicity, we omitted the primes and used the notations
Φ = (1 + ρ2i∇2⊥/2)−1(φ+ pi⊥), and ψ = (uz/cA)Az. (49)
Electron and ion pressures are related with the density by the equation of state (31), pj ζ = γj ζ (βj ζ/2) d2in, where
j = e, i and ζ = ‖,⊥. It is worth noting that the linearized version of our basic equations (45)-(48) in the regime of
small but finite ion Larmor radius corrections, ρ2i∇2⊥  1 reduces to(∇2⊥ − κ2)∇2⊥ψ = 0, (50)
where
κ2 =
2
ρ2i
(
1− 2u
2
z/c
2
A
2− βe‖ + βe⊥ − βi‖ + βi⊥
)
× (51)
{
1− βe‖ − βe⊥
2
+
[
1 +
(
2− βe‖ + βe⊥
)
(4/βi⊥)
2− βe‖ + βe⊥ − βi‖ + βi⊥
][
βe⊥ + βe‖
(
γe‖ − 1
)
+ βi⊥γi⊥
2 + βe⊥γe⊥ + βi⊥γi⊥
+
βe‖ − βe⊥
2
]}−1
. (52)
Obviously, the linear response consists of two modes whose wavenumbers are equal to zero and to iκ. These are
identified as the large-β versions of the shear Alfve´n wave (that, in a very-low-β plasma attains a finite perpendicular
wavenumber on the electron scale [25, 26]) and of the kinetic Alfve´n wave, respectively. The latter wave propagates if
its parallel phase velocity is sufficiently large, u2z > c2A[1− (1/2)(βe‖ − βe⊥ + βi‖ − βi⊥)], and is evanescent otherwise.
We expect that in the nonlinear regime there may exist two nonlinear vortex modes analogous to these.
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FIG. 1: Left column: dipolar Lamb vortex with ψ0 = 0, in which Bz is of the same order as Bx and By. Right column:
quasi-monopolar Chaplygin vortex with ψ0 6= 0 and Bz → 0.
Top to bottom:
Row 1: Contour plots of the vector potential Az and of the compressional magnetic field Bz; in the case of the Chaplygin’s
vortex the compressional magnetic field is negligibly small. In the figure, vortices propagate in the vertical direction.
Four typical trajectories of the spacecraft, S-1, S-2, S-3, and S-4 are displayed as red, blue, black and magenta parallel lines.
On the ’black and ’magenta’ trajectories no compressional magnetic field Bz is recorded, but the ’detected signals’ of the
perpendicular magnetic field on ’blue’ and ’black’ trajectories are of a similar intensity as Bz.
Rows 2–5: Three components of the dimensionless magnetic field, as they would be observed by the four spacecrafts on
red, blue, black, and magenta trajectories, respectively. The coordinate system is rotated with respect to that used in the
calculations, so that the Bx component (black line) is now in the direction of the projection of the spacecraft’s velocity to the
perpendicular plane, By (red) is perpendicular both to it and to the magnetic field, and Bz (blue) is parallel to the ambient
magnetic field. Vanishing E‖ implies that the dimensionless electric field components are given by Ex = −By, Ey = Bx and
Ez = 0. The density is given by n = DBz where D = constant 6= 1 for the large-scale vortex and D = 1 for the ion-scale
vortex. Normalizations are defined in Eq. (25) and we have chosen k = 1/r′0 = 1 and ψ0 = 1.75. (color online)
In the same manner, seeking a travelling/tilted solution, it is possible to integrate also the full equation (45), viz.
φ− x = pe‖ − (1/2)
(
βe‖ − βe⊥
)
d2iBz + F (ψ − x) , (53)
where F is an arbitrary function of the nonlinear characteristic ψ − x. It is difficult to proceed further, since in a
general case it is virtually impossible to calculate the characteristics of Eqs. (46) and (47), because the latter on
the right hand side has a nonlinear term that contains higher derivatives of unknown functions. Below, we find two
particular solutions of the full system (45)-(48), for which the effects of the right hand side of Eq. (47) are negligible.
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1. Large-β shear Alfve´n solution with δn/n0 = δBz/B0 and E‖ = 0
A simple particular solution is available when the relative perturbations of density and compressional magnetic field
are fully correlated (i.e. equal), which is in the dimensionless quantities expressed as n = Bz. Then, both continuity
equations (46) and (47) are drastically simplified to the 2-D Euler equations, viz.
[~ez ×∇⊥ (ψ − x)] · ∇⊥∇2⊥ψ = 0, and [~ez ×∇⊥ (Φ− x)] · ∇⊥∇2⊥Φ = 0, (54)
that can be readily integrated as
∇2⊥ψ = G (ψ − x) , ∇2⊥Φ = H (Φ− x) . (55)
Same as before, G and H are arbitrary function of their argument, which we take to be part-by-part linear. Thus,
G(ξ) is adopted as G(ξ) = (ξ − ξ0)G1, with the constants ξ0 and G1 taking different values ξin0 , Gin1 and ξout0 , Gout1
inside and outside, respectively, of a (moving) vortex core defined by x2 + [y + (cA/uz) z − t]2 = r20. Obviously, for a
spatially localized solution we must have Gout1 = 0, while Gin1 will be determined from the smoothness of the vector
potential ψ (i.e. from the absence of the z-component of the surface current) at the edge of the vortex core. The
function G(ψ − x), and consequently the parallel current ∝ ∇2⊥ψ, can have a finite jump for some value of ψ − x,
see discussion following Eq. (40) in the preceding subsection. Now we can readily write the solution of the 2-d Euler
equation (55) as a Chaplygin vortex, identical to that obtained in the preceding subsection, Eq. (42), viz.
ψ (r, ϕ) =
{
cosϕ
(
r20/r
)
, r ≥ r0,
cosϕ {r − (2r0/j1) [J1 (j1 r/r0) /J ′1 (j1)]}+ ψ0 [J0 (j1 r/r0)− J0 (j1)] , r < r0, (56)
The density n and the compressional magnetic field Bz are calculated from the generalized pressure balance (48), viz.
n = Bz =
(
1 +
γi⊥βi⊥ + γe⊥βe⊥
2
)−1
βi⊥
4
∇2⊥Φ, (57)
which after the substitution into the parallel electron momentum equation (45) and making use of (55) readily yields
Φ− x = F (ψ − x) where ψ is given by Eq. (56). Obviously, for r > r0 the slope of the function F must be given by
F1 = 1, which implies that n(r > r0) = 0 and from the definition of the streamfunction Φ we readily see that outside
of the vortex core we have φ = ψ. As these functions satisfy the same continuity conditions at the core edge, we must
have φ = ψ on the entire x, y plane, which corresponds to E‖ = 0. One can easily see that the dipolar components
of the potentials φ and ψ (those that are ∝ cosϕ) are continuous and smooth functions and that the corresponding
density n and compressional magnetic field Bz are continuous at r = r0. Conversely, the monopolar component of
the compressional magnetic field features a finite jump ∆B(0)z at the edge of the vortex core, where
∆B(0)z = ψ0 βi⊥
(
j21/4r
2
0
) [
1 + (1/2) (γi⊥βi⊥ + γe⊥βe⊥) + (1 + γe⊥βe⊥/2)
(
ρ2i j
2
1/2r
2
0
)]−1
. (58)
Such discontinuity corresponds to a surface current at r = r0, flowing in the poloidal direction. The latter is regarded
as nonphysical and it gives rise to an instability of the Chaplygin’s monopolar component. In other words, the
monopolar Chaplygin component may exist only when the compressional magnetic field is negligible, that is usually
the case when the plasma β is small. The ion-scale shear Alfve´n vortex (56)-(57) is very similar to the short-scale shear
Alfve´n vortex found in the preceding Subsection and they are both displayed in Fig. 1. Both have a vanishing parallel
electric field, corresponding to φ = (uz/cA)Az and outside of the vortex core they have ∇2⊥φ = ∇2⊥Az = n = Bz = 0.
Inside the core, large-scale structures feature n/Bz = constant 6= 1, while for ion-scale vortices we have n/Bz = 1.
2. Large-β magnetosonic/kinetic Alfve´n solution, with δn/n0 6= δBz/B0, uz  cA, and ~B⊥ = 0
Next, we attempt to find a travelling solution in which the perturbations of density and compressional magnetic
field are not fully correlated, viz. n 6= Bz. As outside of the vortex core the localized nonlinear solution is essentially
a linear evanescent response to the nonlinearities located within the core, we ascertain from Eq. (52) that the
parallel phase velocity of magnetosonic/kinetic Alfve´n vortices must be smaller than the Alfve´n speed, viz. u2z <
c2A[1− (1/2)(βe‖−βe⊥ +βi‖−βi⊥)]. In magnetosheath and solar wind plasmas, cA is of the same order as the acoustic
and ion thermal speeds. As the pitch angle of the structure is assumed to be small, θ = u⊥/uz  1, we can safely
take that the perpendicular electron and ion dynamics associated with magnetosonic/kinetic Alfve´n vortices are both
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FIG. 2: Dipolar vortex associated with nonlinear kinetic Alfve´n wave, Bz 6= 0 and ~B⊥ = 0.
Left column: Compressional magnetic field and the plasma density. Top to bottom:
Row 1: Contour plots of the dimensionless perturbations of the compressional magnetic field Bz and of the plasma density n.
Four typical trajectories of the spacecraft, S-1, S-2, S-3, and S-4 are displayed as red, blue, black and magenta parallel lines.
Rows 2–5: Compressional magnetic field and the density, as observed from spacecrafts on red, blue, black, and magenta
trajectories, respectively.
Right column: Electrostatic potential and the electric field. Top to bottom:
Row 1: Contour plot of the dimensionless dimensionless potential φ and four typical trajectories of the spacecraft.
Rows 2–5: Three components of the electric field, as observed from spacecrafts on red, blue, black, and magenta trajectories,
respectively. The reference frame is adopted in the same way as in Fig. 1 and the Ex component (red line) is in the direction
of propagation of the spacecrafts, Ey (blue) is perpendicular to it, and Ez (black) is parallel to the ambient magnetic field.
Plasma parameters are adopted as ρ′i ≡ (c k/ωpi)
√
βi⊥/2 = 1, βi⊥ = 2, βi‖ = 1.2, βe⊥ = 3, and βe‖ = 1.8. (color online)
isothermal. Likewise, if the parallel electron temperature is not extremely small, Te‖/Ti‖ ≥ me/mi, the electrons are
isothermal along the magnetic field, too. Now, using γe‖ = γe⊥ = γi⊥ = 1 and Eq. (53), we rewrite Eq. (46) as
[~ez ×∇F (ψ − x)] · ∇ (n−Bz)− c
2
A
u2z
(
1− βe‖ − βe⊥
2
)
[~ez ×∇ (ψ − x)] · ∇∇2⊥ψ =
−
[
~ez ×∇
(
pe‖ − pe⊥ −
βe‖ − βe⊥
2
d2iBz
)]
· ∇ (n−Bz) , (59)
and note that the right hand side of this equation vanishes for isothermal electrons. Namely, by virtue of the isothermal
equation of state (31), we have pe‖ − pe⊥ = (1/2)(βe‖ − βe⊥) d2in and the right-hand-side of Eq. (59) reduces to zero
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as a mixed product of two colinear vectors. This enables the equation to be integrated as
n−Bz = c
2
A
u2z
(
1− βe‖ − βe⊥
2
) ∇2⊥ψ
F ′ (ψ − x) +H (ψ − x) , (60)
where H is an arbitrary function. It can be shown that solutions with arbitrary uz/cA can meet all physical continuity
conditions at the core’s edge only if they contain both the shear- and the kinetic Alfve´n components described in Eq.
(52). However, in such a case the nonlinear term on the right hand side Eq. (47) is finite on the entire x − y plane,
which presents a formidable obstacle for an analytic treatment and requires extensive numerical calculations that are
outside the scope of the present paper. To proceed, we restrict ourselves to the phase velocities that are much smaller
than the Alfve´n speed, uz  cA, when a solution involving only one Alfve´n mode becomes possible. In such regime,
the electron continuity (46) yields ψ ∼ (u2z/c2A) φ → 0, which in turns yields that the arguments of the functions F
and G reduces to ξ = ψ−x→ −x. Same as before, these functions are adopted to be part-by-part linear, in the form
Eq. (40), where the slopes F1 and H1 take different constant values F in1 , Hin1 , and F out1 , Hout1 inside and outside of
the vortex core determined by ξ(r0) = ξ0. We note the separatrix r = r0 is not an isoline of the functions F and H,
whose argument is given by ξ = ψ − x → −x = −r cosϕ, which obviously is not constant at the separatrix r = r0.
This prohibits the slopes to jump at the circle r = r0 and implies that F in1 = F out1 = 1 and Hin1 = Hout1 = 0. As a
consequence, Eq. (60) is decoupled from the rest of the system, while from Eq. (45) we readily obtain
φ− pe‖ + (1/2)
(
βe‖ − βe⊥
)
d2iBz = 0. (61)
The quantities n, Bz, and φ can now be expressed from Eqs. (48), (49), and (53) as follows (for easier reading, here
and below we use the mathcal font to denote true constants, such as N ,B,F ,Q,A, and U , that depend only on the
plasma parameters and NOT on the slopes Gin1 and Gout1 )
n = N0Φ +N2∇2⊥Φ ≡
1
ρ2iQ
Φ +
2 + βe‖ − βe⊥
4Q ∇
2
⊥Φ, (62)
Bz = B0Φ + B2∇2⊥Φ ≡ −
βi⊥ + βe⊥
2ρ2iQ
Φ +
βe‖ − βe⊥
4Q ∇
2
⊥Φ, (63)
φ = F0Φ + F2∇2⊥Φ ≡
Q− 1
Q Φ +
Q− 1− (1/2) (βe‖ − βe⊥)
2Q ρ
2
i ∇2⊥Φ, (64)
Q = βe‖ + βi⊥
βi⊥
+
βi⊥ + βe⊥
2
βe‖ − βe⊥
βi⊥
and U = 1− βi‖ − βi⊥
2− βe‖ + βe⊥
(65)
It is worth noting that, due to the ions’ FLR effects, our equation (63) implies that the stream function Φ is not
proportional to the magnetic field Bz, which essentially decouples the velocity and magnetic fields. After some simple
manipulations, the above expressions permit us to rewrite the charge continuity equation (47) as follows
[~ez ×∇ (n−Bz)] · ∇
[
Φ− U x−A1 ρ2i (n−Bz)
]
+
{
~ez ×∇
[
Φ− x− ρ2i (n−Bz) +A2 ρ2i ∇2⊥Φ
]} · ∇∇2⊥Φ =[
~ez ×∇⊥ (∂/∂xi) ρ2i (n−Bz)
] · ∇ (∂Φ/∂xi) , (66)
where A1 and A2 are arbitrary constants introduced for algebraic convenience. Adopting these in the following way
A1 = U − U − 1
ρ2i (N0 − B0)
, A2 = U − 1U
N2 − B2
ρ2i (N0 − B0)
, (67)
using Eqs. (62) and (63), and after some algebra, we can cast Eq. (66) in a simple form, viz.
[~ez ×∇ (Φ + V x)] · ∇
(∇2⊥Φ + κ2V x) = 2 C (~ez ×∇ ∂Φ/∂xi) · ∇∇2⊥∂Φ/∂xi, (68)
where
κ2 =
U (N0 − B0)
1− U (N2 − B2) , V = −
1− U (N2 − B2)
1− ρ2i (N0 − B0)− (N2 − B2)
and C = ρ
2
iκ
2
2
V
U
N2 − B2
N0 − B0 . (69)
In the regime C∇2⊥  1, the right-hand-side of Eq. (68) comprises a small correction and, iteratively, it can be
approximated by using the leading order solution of Eq. (68) ∇2⊥Φ ≈ −κ2V x+G(Φ + V x), where G is an arbitrary
function of its argument. Then, using the identity
2∇⊥ · {[(~ez ×∇⊥f) · ∇⊥]∇⊥G (f)} = (~ez ×∇⊥f) · ∇⊥∇2⊥G (f)−
[
~ez ×∇⊥∇2⊥f
] · ∇⊥G (f) , (70)
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we can rewrite Eq. (68) in the following form
[~ez ×∇ (Φ + V x)] · ∇
[∇2⊥Φ + κ2V x+ C∇2⊥G (Φ + V x)] = [~ez ×∇G (Φ + V x)] · ∇ C∇2⊥ (Φ + V x) , (71)
that is, with the accuracy to the first order in the small quantity C∇2⊥, equivalent to[
~ez ×∇
(
1 + C∇2⊥
)
(Φ + V x)] · ∇ [(1 + C∇2⊥) (∇2⊥Φ + κ2V x)] = 0, (72)
and is readily integrated one time, viz.(
1 + C ∇2⊥
) (∇2⊥Φ + κ2V x) = G [(1 + C ∇2⊥) (Φ + V x)] . (73)
We adopt G(ξ) in the form of a continuous part-by-part linear function, G(ξ) = G1ξ, whose constant slope G1 takes
different values Gin1 and Gout1 inside and outside of the circle r = r0, respectively. Remarkably, with such choice of
G(ξ), the parameter C coming from the nonlinear term on the right-hand-side of Eq. (68) and (47), cancels out in
Eq. (73) and does not affect its solution. As the function G(ξ) must be continuous [see discussion in the paragraph
following Eq. (78) at the end of this section], a jump is permitted only if the argument vanishes at such circle,
ξ(r0, ϕ) = 0. Noting that for a localized solution we must have Gout1 = κ2, and setting Gin1 = −λ2, we obtain the
following equations for the stream function Φ outside and inside the circle r = r0,(∇2⊥ − κ2)Φout = 0, r > r0,(∇2⊥ + λ2) [Φin + (1 + κ2λ2
)
V x
]
= 0, r < r0. (74)
These separate variables in cylindrical coordinates, Φ =
∑
k Φk exp(ikϕ); amplitude of the k-th harmonic is given by
Φoutk = c
out
k Kk (κr) , Φ
in
k = c
in
k Jk (λr) , (75)
where cink and c
out
k are arbitrary constants. It can be argued that the stream function Φ must be a dipole, i.e. that it
may contain only the dipole component k = 1 (for a discussion, see the paragraph at the end of this Section). Then,
the continuity of the function G readily yields(
Φout + V x)
r=r0
=
(
Φin + V x)
r=r0
=
(∇2⊥Φout + κ2V x)r=r0 = (∇2⊥Φin + κ2V x)r=r0 = 0, (76)
which from Eqs. (62)-(64) provides also the continuity of the functions n, Bz, and φ. Finally, matching the above
"in" and "out" solutions at r = r0 we obtain a standard Larichev& Reznik-type dipole [30]
Φ (r, ϕ) = V r0 cosϕ×
{ − K1(κr)K1(κr0) , r > r0
−
(
1 + κ
2
λ2
)
r
r0
+ κ
2
λ2
J1(λr)
J1(λr0)
, r < r0
, (77)
while the plasma density, compressional magnetic field and the electrostatic potential are expressed from Eqs. (62)-
(64). Obviously, this solution is localized in space only if the ’out’ e-folding length κ defined in Eq. (69) or, equivalently
obtained from Eq. (52) in the limit uz  cA and γe‖ = 1, is a real quantity, i.e. for κ2 > 0 which yields the condition
for the existence of kinetic Alfve´n vortices with a complicated dependence on the values of plasma βjζ , with j = e, i
and ζ = ‖,⊥. We note also that, in contrast to its shear Alfve´n counterparts, Eqs. (42) and (56), which are essentially
MHD nonlinear modes and do not possess a spatial scale, the magnetosonic/kinetic Alfve´n vortex Eq. (77) has a
distinct scale comparable the ion Larmor radius 1/κ ∼ ρi.
The remaining free parameter λ is determined from the condition that the radial electric field is continuous at the
edge of the core, (∂φin/∂r)r=r0 = (∂φout/∂r)r=r0 , i.e. of the absence at r = r0 of any surface charges. This gives rise
to the following nonlinear dispersion relation
(F0 + F2κ2) κr0K ′1 (κr0)
K1 (κr0)
= F0
(
1 +
κ2
λ2
)
− (F0 −F2λ2) κ2
λ2
λr0 J
′
1 (λr0)
J1 (λr0)
. (78)
We have shown in the subsection III B 1 that the Chaplygin’s monopole component of the solution can exist only
when the function G(Φ+Vx) features a finite jump at the edge of the vortex core, which in the absence of FLR effects
produces a jump in the vorticity ∇2⊥. However, the full equation (73), with the FLR terms included, includes also the
Laplacian of the vorticity, ∇2⊥∇2⊥Φ which is singular. A singularity in the Eq. (73), corresponding to a singularity
in the charge continuity equation (47) or (66), is clearly prohibited for physical reasons and we may conclude that
(quasi)monopolar Chaplyigin structures are not likely to develop in the kinetic Alfve´n branch on the ion scale.
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IV. DISCUSSIONS AND CONCLUDING REMARKS
We have studied fluid plasma vortices in a high-β plasma, on the spatial scale comparable to the ion inertial length
and approaching the ion Larmor radius, including the effects of the compression of the magnetic field and of the
finite ion Larmor radius. The vortices have the form of infinitely long filaments that are slightly tilted relative to the
magnetic field. Our basic equations (45)-(48) possess also a trivial stationary solution that is fully aligned with the
z-axis, ∂/∂t = ∂/∂z = 0 and circularly symmetric ∂/∂ϕ = 0, i.e. which is strictly monopolar. However, water tank
experiments [24], in which the perturbations evolve according to the 2-d Euler equation (54) but inevitably involve
also a small but finite viscosity of the fluid not included in our analysis, revealed that such stationary monopoles either
disperse or slowly transform into dipolar or tripolar vortices, depending on the amount of shielding in the initial state.
This may be related also with the jumps in the vorticity, ∇2⊥Φ, at the edge of a monopole. Conversely, the propagating
Lamb dipole, corresponding to a shear-Alfve´n vortex with ψ0 = 0 in Eqs. (42) and (56), is remarkably stable and
it can easily survive collisions with other dipoles [34]. A propagating quasi-monopolar vortex, i.e. a Chaplygin’s
structure with a relatively small dipolar component, described by Eq. (42) when ψ0 > 1, is much more stable than
the stationary monopoles. In an ordinary fluid, the Chaplyigin’s quasi monopole may propagate over a distance that is
an order of magnitude bigger than its diameter, as suggested by the weak nonlinear theory and numerical simulations
[35], as well as by experiments in non-rotating water tanks with rectangular shape [36]. However, more recent water
tank experiments [37] have demonstrated that it still has a finite lifetime, because the secondary component of such
strongly asymmetric vortex pair starts to wrap around the principal monopole creating a strain, that eventually gives
rise to an elliptic instability due to the parametric resonance between the oscillation of inertial waves and the ambient
strain field, for details see Ref. [37]. It should be noted that the behavior of Chaplygin vortices in a fully 3-D geometry
is still an open question, since no reliable 3-D simulations and experiments have been reported in the literature and
we are unable to predict whether the dynamical 3-D turbulence of the Solar wind and of the Earth’s magnetosheath
is dominated by stable dipolar [8, 27, 30] vortices, or by long-lived, mostly monopolar Chaplygin structures. The
Chaplygin’s monopolar component features a jump of the plasma density and of the compressional magnetic field Bz
at its edge, which is in the presence of a compressional magnetic field associated with current in the form of a thin
hollow cylinder at r = r0, which probably reduces its stability in a high-β turbulent plasma.
We have found two distinct types of coherent vortices in a high-β plasma that propagate in the perpendicular
direction. The first is identified as a generalized shear-Alfve´n structure that possesses both the torsional and the com-
pressional component of the magnetic field perturbation. It has a zero parallel electric field and, being homogeneous
along its axis that is inclined to the ambient magnetic field, it sweeps along the z-axis with a velocity uz that is in the
Alfve´n speed range; the transverse phase velocity is equal to uz tan θ, where θ is the (small) pitch angle between the
structure and the background magnetic field. While in a sufficiently incompressible plasma δn/n0 → 0, δBz/B0 → 0
it has the structure of a Chaplygin’s vortex with a monopole superimposed on a moving dipole, in plasmas with β ∼ 1
its monopolar component becomes unstable due to the presence of a thin current layer at its edge. The compress-
ible magnetic field associated with such vortex is restricted to the interior of the vortex core, while the transverse
perturbation "leaks out" from the core to larger distances.
The second type of moving nonlinear structures that is obtainable analytically, possesses a vanishing transverse
perturbation of the magnetic field and can be identified as a nonlinear kinetic Alfve´n structure. Its parallel phase
velocity is much smaller than the Alfve´n speed which gives rise to a thermalized electron distribution. The fluid
velocity of the kinetic Alfve´n vortex is better localized than that of its shear-Alfve´n counterpart, its compressional
magnetic field extends outside of their core, in contrast to the shear-Alfve´n structures.
Our analytical study has not excluded the possibility of mixed shear Alfve´n/kinetic Alfve´n vortices with the parallel
phase velocity approaching the Alfve´n speed, uz <∼ cA, but their construction would require extensive numerical
calculations that are out of the scope of the present paper. It is important to note that we have demonstrated
that fluid-type (quasi)monopolar Chaplygin’s filaments are not likely to emerge in the kinetic Alfve´n domain. Thus,
the only viable propagating kinetic Alfve´n monopoles, possibly in the form of cigars (i.e. of filaments with a finite
length), may emerge in the situations with non-vanishing E‖ and with the parallel phase velocities in the thermal
range that are not studied in the present paper. They involve particles trapped both in the electrostatic potential
wells and in magnetic depressions that provide an additional nonlinearity capable to produce the spatial localization
of a vortex. Coherent vortex structures in a high-β plasma, with δn/n0 6= δBz/B0 and with a finite parallel electric
field, φ 6= (uz/cA)Az, that include kinetic phenomena such as particle trapping, will be studied elsewhere [38] via a
high-β gyrokinetic theory.
To conclude, our results can explain the observations of the solar wind turbulence. Alfve´n vortices and compressible
vortices in a plasma with β ∼ 1. First the structures at large scales (L ∼ 30ρi), described at Subsection IIIA, and
then those at the ion scales (L ∼ ρi ∼ c/ωpi), studied in Subsection III B, can be an important ingredient of the
kinetic turbulent cascade in which the δB-fluctuations follow the power law ∼ k−2.8 described in Ref. [1, 5, 6].
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Appendix A: Plasma parameters in the solar wind
Plasma parameters in the region of the slow solar wind where vortex structures were observed [5] are listed below
average magnetic field 〈B〉 ∼ 8 nT, angle between 〈 ~B〉 and the solar wind direction θBV ∼ 70o− 90o
Alfve´n speed cA = cΩi/ωpi ∼ 30 km/s, acoustic velocity cS ∼ 50 km/s,
ion gyrofrequency Ωi ∼ 0.8 1/s, electron gyrofrequency Ωe = 1.4× 103 1s
ion plasma frequency ωpi ∼ 7× 103 1/s, electron plasma frequency ωpe ∼ 300× 103 1/s
ion plasma length di = c/ωpi ∼ 40 km, electron plasma length de = c/ωpe ∼ 1 km
ion Larmor radius ρLi = vTi⊥/Ωi ∼ (40− 110) km, electron Larmor radius ρLe = vTe⊥/Ωe ∼ (1− 2.5) km
ion beta βi⊥ = 2pi⊥/c20B2 ∼ 0.5− 2.5, electron beta βe⊥ = 2pe⊥/c20B2 ∼ 1− 2
ion temperature anisotropy Ai = Ti⊥/Ti‖ ∼ 1.6 , electron temperature anisotropy Ae = Te⊥/Te‖ ∼ 0.9
ion thermal velocity vTi ∼ 40 km/s, electron thermal velocity vTe ∼ 1500 km/s
characteristic diameter of the structure transverse to the magnetic field L⊥ ∼ (5− 25) c/ωpi ∼ (6− 30) ρLi,
velocity (in the plasma frame) of the structure perpendicular to the magnetic field u⊥ = (0.5− 4) cA ± (1− 4) cA,
velocity of the solar wind vsw ∼ 700 km/s.
Appendix B: Plasma parameters in the magnetosheath
The plasma parameters in the magnetosheath region downstream of a quasi-perpendicular bow shock and the
properties of the observed magnetic structures can be summarized as follows [1, 3, 4]:
ion temperatures Ti⊥ = 360 eV, Ti‖ = 170 eV, Ti⊥/Ti‖ ∼ 2.2
electron temperatures Te⊥ = 95 eV, Te‖ = 85 eV, Te⊥/Te‖ ∼ 1.1(→ 1)
perpendicular ion thermal velocity vTi⊥ = 190 km/s,
perpendicular electron thermal velocity vTe⊥ = 4000 km/s,
Alfve´n speed cA = cΩi/ωpi = 360 km/s, vTi⊥/cA ∼ 0.50. Here Ωi = eB/mi is the ion gyrofrequency,
ion skin depth c/ωpi ∼ 40 km, electron skin depth c/ωpe ∼ 1 km
ion Larmor radius ρLi = vTi⊥/Ωi ∼ 20 km, electron Larmor radius ρLe = (meTe⊥/miTi⊥)
1
2 ρLi ∼ 0.25 km,
ion Debye length λDi = vTi⊥/ωp,i = 25 m, electron Debye length λDe = vTe⊥/ωp,e = 13 m
this plasma can be regarded as weakly magnetized, |Ωe|/ωpe ∼ 0.05, Ωi/ωpi ∼ 0.0012
characteristic diameter of the structure transverse to the magnetic field L⊥ ∼ 10 c/ωpi ∼ 20 ρLi ∼ 400 km,
characteristic size of the structure along the magnetic field L‖ > 600 km,
velocity of the structure perpendicular to the magnetic field u⊥ = (35− 100) km/s,
velocity of the structure parallel to the magnetic field u‖ ∼ u⊥(L‖/L⊥) ∼ (50− 150) km/s ∼ vTi‖ ,
bulk velocity of the plasma vp0 ∼ 250 km/s.
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